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Abstract. The article addresses the teaching of fundamental
concepts in probability theory and mathematical statistics. Specifically,
it discusses such concepts as experiment, realization of an experiment,
outcome of an experiment as an elementary event, event, and proba-
bility space. An original auxiliary model called ‘Market’, proposed by
N. Temirgaliyev, is introduced for studying the probability space of an
experiment. Using the example of the standard experiment ‘coin tossing’
and the culturally rooted ‘asyk tossing’ (a traditional Kazakh game),
auxiliary and probability spaces are constructed.

Additionally, the article presents a general scheme for constructing
a probability space when the set of elementary events is finite. The prac-
tical significance of probability is also explored. A sequence of random
numbers is generated, and based on it, a model of an experiment involving
the tossing of a symmetrical and homogeneous die is developed. The
frequency of a specific face of the die appearing is calculated for both a
random sample and a series of experiments. In both cases, the Law of
Large Numbers is confirmed, demonstrating the convergence of frequen-
cies toward the event’s probability as the number of trials increases.

Furthermore, the article discusses the methodology for presenting
a general framework for constructing a probability space when the set
of elementary events is finite, as well as methods for demonstrating the
practical relevance of probability. A sequence of random numbers is again
generated to model an experiment involving the tossing of a symmetri-
cal and homogeneous die, and the frequency of a fixed face appearing
is described for a random sample and for experimental series. In both
instances, learners are given the opportunity to take their first scientific
steps by observing the Law of Large Numbers in action, showing how
the frequency of an event approaches its theoretical probability as the
number of experiments increases.
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Introduction

David Mumford (Mumford, 2005) highlighted the future importance of probability
theory and mathematical statistics with the following observation: “In the future, probability
and statistics will be seen as natural tools for working in both mathematical and scientific
modeling. ... Probability theory and the statistical approach have gradually come to be viewed
as the best foundations for scientific models...". Today, probability theory and mathematical
statistics are evolving not only as independent scientific disciplines but also as the founda-
tional framework for a wide range of emerging applied fields. These include machine learning,
artificial intelligence, data science, biostatistics, psychometrics, cyberstatistics, and others.
Consequently, core concepts from probability and statistics have been integrated into school
curricula in many countries around the world, reflecting their growing significance in both ed-
ucation and modern scientific practice.

In Kazakhstan’s secondary schools statistics and probability theory are included in the
curriculum of mathematics and algebra in grades 5-11 (Secondary school textbooks, 29 2005),
while in Russia, starting in 2022, in grades 7-11, mathematics, along with algebra and analysis
basics and geometry courses, will be supplemented with a third course called probability and
statistics (On amendments to the Federal State Educational Standard, 2025). As for Singaporean
educational programs (Mathematics syllabus, 2025a), they include the elements of statistics in-
cluded in the domestic educational programs, and in the upper grades, they are also supposed to
teach the topics of hypothesis testing, correlation and linear regression (Mathematics syllabuses,
2025b), (Mathematics syllabus Pre-University 36 Higher, 2025). The scope of statistics in general
schools of the People’s Republic of China is comparable to the content in domestic programs. In
advanced mathematical schools, interval estimation, hypothesis testing, elements of regression
analysis, and analysis of variance (Anova) are also taught (Khan Academy, 2025).

The Texas Education Agency has developed a textbook (Illowsky & Dean, 2020) to pro-
vide regions with high-quality textbooks free of charge, covering topics such as sampling and
databases, descriptive statistics, probability theory, discrete and continuous random variables,
normal distribution, central limit theorem, confidence intervals, single and double hypothesis
testing, chi-square distribution, linear regression and correlation, F distribution, and analysis
of variance (ANOVA). The textbook includes a brief theoretical overview of the topics, a list of
real-life examples and problems for each topic.

The subject of probability theory by A.N. Shiryaev (Shiryaev, 1980) is the mathematical
analysis of random phenomena, i.e., such phenomena are studied where there is no deterministic
regularity (observations of them do not always lead to the same outcomes) and at the same time,
they have some statistical regularity. Probability theory itself, like any exact science, became such
only when the concept of a probabilistic model was clearly formulated in the axiomatization of
science by A.N. Kolmogorov (Kolmogoroff, 1933).

Probability Theory studies various random phenomena with a set of all possible outcomes
of an experiment in the form of finite, countable and more than countable measurable sets. Series
Theory is sufficient to study models of experiments with a countable set of outcomes. The highest
generality of Probability Theory is the uncountable power of the set of all possible outcomes of
an experiment, which should be preceded by the Theory of Measure and the Lebesgue-Stieltjes
Integral. The article studies the methodology of teaching some basic concepts of probability
theory and mathematical statistics, limited to experiments with a finite number of outcomes.
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Methods

A review was conducted on the methodology of teaching some basic concepts of Probability
Theory and Mathematical Statistics within secondary school curricula, using theoretical methods
such as analysis and synthesis, as well as content analysis, which made it possible to highlight
key features. In addition, a method of modeling real-life experiments was applied to support the
understanding of fundamental concepts. Furthermore, the action research method was employed
in the classroom to reinforce the material by applying the methodologies presented in the article.

Results and discussion

Methods of teaching basic knowledge in probability theory and mathematical statistics.
To study various phenomena using mathematical apparatus, mathematical models are built.
In his work (Kolmogoroff, 1933), published in German in Berlin in 1933, Andrei Nikolaevich
Kolmogorov axiomized probability theory into a branch of mathematics, based on the theory
of integration introduced in 1902 by the French mathematician Henri Lebesgue in his famous
dissertation “Integral, Length, and Area” (Lebesgue, 1902). The system of axioms proposed in
this work describes the experiment by means of a mathematical model - the Probability space
(©2,04,P) (and (£,A,P)in the case of finite ) consisting of three parts:

- space of elementary events () - a set consisting of all possible outcomes of the exper-
iment, called elementary events w,

- A(0A) is an algebra (sigma-algebra) of measurable subsets, called events, of the set (2,

- probability P is a non-negative additive (sigma-additive) function of sets, defined on
the A(oA) algebra (sigma-algebra) with the condition P(Q2)=1.

Within the framework of probabilistic models with a finite number of outcomes, it is
possible to construct the entire Probability Theory in all its main details, with its further exten-
sion to countable and continuous cases. Probabilistic models with a finite number of outcomes
are sufficient in studying this subject in secondary school and in specialties whose educational
programs do not include Measure Theory and the Lebesgue integral.

The computational technical apparatus in Probability Theory is the introduction of a
probability measure on a pair consisting of the space of elementary events () and the algebra
(sigma-algebra) of events A(cA). In the very initial case, in Elementary Probability Theory, the
measure on () consists of finite sums of real numbers, when each element of this finite set is
assigned a non-negative number, called its probability, which in sum give one. This requirement
is called normalization and is introduced only for the sake of uniformity throughout Probability
Theory. The technique here is the simplest — an event consists of a finite number of elementary
events with their own probability, the probability of an event is a finite sum of the probabilities
of the elementary events that make it up.

In the discrete case, when the space of elementary events Q is finite or countable, the
measure is defined on all subsets of the set (). Thus, each subset of the space of elementary events
(1 forms an event whose probability measure is equal to the sum of the probability measures of
all the elementary events that make it up. When () is a more than countable set, the probability
is defined on the algebra (sigma-algebra) of measurable subsets A(cA) of the set () the study of
which requires a deeper Theory of Measure and the Lebesgue-Stieltjes Integral. Further, on the
basis of the probability triple ({,A,P), all fundamental concepts of probability theory are defined
with an extension to Mathematical Statistics.

The presentation of Probability Theory in the case of experiments with a finite number
of outcomes is motivated in nature for each of the fundamental concepts of Probability Theory
with the most extensive explanations possible, sufficient for understanding the main content of
the subject.
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Methodology of teaching the concepts «Experiment, implementation of the experiment
and its outcomes». From the authors' 20 years of experience in teaching this subject, it can
be stated that most students do not distinguish between basic concepts such as experiment,
implementation of an experiment, all possible outcomes of an experiment, make mistakes in
constructing the space of elementary events (), in describing the set of all possible events and
determining probability. Therefore, in each study of experiments, it is necessary to describe its
mathematical model ({,A,P).

Let us present mathematical definitions and methodological recommendations for teach-
ing these basic concepts.

The first stage consists of distinguishing between such concepts as an experiment, the
implementation of an experiment, and a variety of possible outcomes of an experiment. To do
this, in the initial classes it is necessary to fill in Table 1 in writing and after fundamental assim-
ilation it is sufficient to pronounce it orally.

Table 1. General scheme to distinguish three initial concepts

Experiment

Implementation of the experiment

The set of all possible outcomes of the experi-
ment

Tossing coins and throwing dice are model examples that can also be easily implemented
in lessons by the students themselves. As a first example, let’s consider tossing coins and fill in
Table 1 for it.

Table 2. Distinguishing concepts in the experiment of tossing a coin once

Experiment Tossing a coin
Implementation of the experiment The coin is tossed once
The set of all possible outcomes of the ex- (the side of the coin marked with a head),
eriment
P (the other side)

Along with standard examples, the use of national elements (e.g., national games) illustra-
tively facilitates the assimilation of the topic. For example, consider the famous Kazakh national
game “Asyk atu”, which is translated as something like “to beat out with one’s own asyk”. “Asyk”
is a bone of a sheep’s knee and “atu” translates as beat out. Asyk atu has four outcomes when
tossed, which is called - “buge”, “shige”, “alshi”, “tayki” (see Fig. 1). Here, each outcome has its
own probability of falling out and other possible outcomes are not considered. Table 1 for tossing

“asyk” is presented in Table 3.

Figure 1. All possible positions of the outcomes when throwing “asyk”.
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Table 3. “Asyk” concepts in the practice of tossing a stick once

Experiment Asyk atu
Implementation of the experiment The «asyk» is tossed once
The set of all possible outcomes of the ex- wi=alshi,wz=tayki,
eriment
P ws=buge,ws=shige

During the teaching process, giving tasks that increase the level of knowledge of the
customs and traditions of the people, as in the example above, along with raising national con-
sciousness, covers the educational aspect of the subject in addition to the knowledge. However,
such connections with other fields and customs should not overshadow the content of the topic,
but should be additional information.

It is also a good idea to provide various practical examples so that students do not think
that the experiments considered in probability theory consist only of tosses. For example, con-
sider an example in which one boy and one girl are selected as the organizers of an event from
three boys and two girls in the class. Let’s list all the possible outcomes here.

Experiment: One boy and one girl are selected from a class of five children (three boys -
- - - ez,ezes; two girls - g1,92).

All possible outcomes of the experiment: wi=(e1,g1 ),wz=(e1,82 ),ws=(e2,g1),ws=(e2,82),
ws=(es3,g1),ws=(e3,82). The order of the two children selected in these outcomes is not important.

In the examples given above, the number of all possible outcomes of the experiments was
finite. It was also mentioned above that if the curriculum includes series and measure theory,
cases where the number of possible outcomes of the experiment is more than finite are also
considered.

And so, in all cases of the considered experiments, Table 1 should be filled in writing until
the students clearly distinguish between the experiment, the implementation of the experiment
and all possible outcomes of the experiment. Next, a mathematical model of the experiment is
constructed - a probabilistic triple 2,4,P. When studying this topic in high school or even in a
university program, together with the mathematical model, it is recommended to use the auxiliary
model “Market”, proposed in (Mathematics syllabus, 2025a), as the author’s method of teaching
probability theory.

About the author’s approach to teaching the basic concepts of probability theory - the
auxiliary model “Market” and the implementation of this idea. Let us imagine a retail outlet -
“Market”, which has different goods, each in a single copy and with its own price for a total of 1
unit (any amount can be taken as a unit, for example, 407591 tenge and any others, it is enough
to assign a new price to each product equal to the ratio of the old price to the price of all goods
in the “Market”). The prices of the goods can coincide, unlike the goods themselves, while the
uniqueness of each product is required in the mathematical model when using the concept of
“Set of elementary events”, since any object “belongs” or “does not belong” to this set.

Let’s make up all possible packages from any goods of the Market - from an empty package
to the contents of the entire Market. Then the price of the package “The whole Market” will be
equal to the sum of the prices of all goods of the package, and, as agreed here, equal to 1.

This is what we will call the “Auxiliary Model “Market””, namely, for a given fixed experi-
ment, each of its outcomes (result, observation) corresponds to exactly one product in the Aux-
iliary Model “Market” with all the ensuing consequences - the price of the product, the package
of products, the price of the package.

When studying mathematics, it is always useful to remember that it is a systematized
science and therefore is expressed in precise definitions. So, if in the example with Market we
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replace the usual names with special mathematical terms, we will get the necessary theoretical
basis for understanding Probability Theory - a probabilistic model:

1) A product is an elementary event w ;

2) The price of a product is the probability P({w}) of an elementary event ;

3) A package made up of some goods - event A, made up of elementary events correspond-
ing to the goods of the package;

4) The price of a package is the probability of an event P(A) numerically equal to the sum
of the probabilities of all elementary events from which the event is composed;

5) Market - a set composed of all elementary events.

Briefly in notation:

- sample space - space of elementary events = ={w1,..,w_} of elements,

- elementary event,

- event A composed of elementary events wiy,..., wi, with numbers 1<i <..<i,<n, A={wiy
Wi}, Or an empty set,

- probability P is a regular numerical function on the set of events P({w}) with values on
elementary events the probability of occurrence of an elementary event such that 0<sP({w})<1
, probability P(A) of event A as the price of a packet is equal to the sum P({wi1})+...+P({wi}),
(Q)=P({w1})+..+P({w })=1 as the price of the entire Market.

The following table shows the analogy between the probabilistic and auxiliary models.

Table 4. Probability model and auxiliary model “Market”

Probability model Auxiliary model «Market»

Elementary events Goods

w1,W2,...,0n

Probability of an elementary event Price of the goods
P({w1})=p1,P(w2})=p2,...P({wn})=pn
Event A, consisting of elementary events Package A of some goods

A={wiy..,wi_} (k=1,2,..,n) or empty package A= 0

The probability of event - A - P(A) P(A) - The price of package - A- P(A)

P(A)=P({wi, jores QI )=P({wii})+...+P( {ooik }]Zpi1+...+pik,
P(©)=0,
p,+p,+..+p =1.

Sample space - the set which consist all Market
elementary events

Q={w1,w2,...,wn}

In the course of studying probability theory, the next concept to pay attention to in the
triple (,A,P) is an event, that is, any element of the event algebra A. It is important to present the
definition of an event using mathematical tools so that it can be understood and further studied.
Let us give the definition of an event for any set of elementary events ().

Definition. Any measurable subset of the set of all possible elementary events is called an
event, that is, an event is a measurable set consisting of elementary events: AC(Q,A is an event.
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And if the set of elementary events (1 is a finite set, the definition of an event can be given
as follows without using the concept of measurability.

Definition. Any subset of the set of all possible elementary events is called an event, that
is, an event is the set consisting of elementary events: AC(),A is an event.

It was mentioned above that the structure of probability theory in school mathematics can
be fully described without the concept of measure if the number of elementary events is finite.
Understanding the definition given from this perspective does not cause significant difficulties for
pupils who are familiar with the concept of a set from the 2nd grade, and it is possible and easy
to verify the definition of subsets of a set mathematically. According to the presented auxiliary
“Market” model, they visually understand it in terms of a package, and this concept is fixed and
retained in the minds of students.

Auxiliary and probabilistic model of ex-
periments on the example of one-time coin toss
and one-time asyk toss. So, we have two models:
the auxiliary model "Market" and the same in
probabilistic terms, the probability model.

Let's make these two models for experi-
ments: one-time coin toss with sides H (Head),
T (Tail) and asyk tossing with four possible
outcomes.

Auxiliary model "Market" of the experi-
ment "one-time coin toss". All possible results of
the toss form goods H and T and market {H; T}.

Prices of goods (set arbitrarily): the price of good H is equal to a non-negative number
p, the price of good T is equal to a non-negative number q. The price of all goods, the entire
market, is equal to p+g=1.

Packages: empty @; consists of one H; of one T; of H and T - the whole market. And, as
a consequence, the prices of packages: empty equals 0; of one H equals p; of one T equals q; of
H and T equals 1 (see Table 5).

Let’s make these two models for experiments: one-time coin toss with sides H (Head), T
(Tail) and asyk tossing with four possible outcomes.

Auxiliary model “Market” of the experiment “one-time coin toss”. All possible results of
the toss form goods H and T and market {H; T}.

Prices of goods (set arbitrarily): the price of good is equal to a non-negative number, the
price of good T is equal to a non-negative number The price of all goods, the entire market, is
equal to

Packages: empty @; consists of one H; of one T; of H and T - the whole market. And, as a
consequence, the prices of packages: empty equals 0; of one H equals p; of one T equals q; of H
and T equals 1 (see Table 5).
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Table 5. All possible packages (events) of experiments of one-time coin toss

Empty package A packet consisting of only one H A package consisting of all

ibl ds- Hand T
A packet consisting of only one T possible goods an

The same in probabilistic terms:

Probabilistic model of the experiment "one-time coin toss":

All possible elementary events w: =H and w2z =T form the space of elementary events
Q={w1;w2 }.

All possible events: Ao=A1={w1 },Az={w2 },As={w1;w2 }=0.

Probabilities: probabilities of elementary events P({w: })=P({H})=p and P({wz })=P({T})=q,
and, as a consequence, probabilities of events P(Ao)=0,P(A1)=p,P(A2)=q, P(A3)=p+q=1.

Now we will present the auxiliary and probabilistic models of the experiment for tossing
asyk.

Auxiliary model "Market" of the experiment "Tossing asyk". The entire market consists of
four goods: alshi - a, teyki - t, buge - b, shige - sh with prices, non-negative numbers - p1,p2,ps,ps
respectively, where p1 + p2 + p3 + ps = 1 units.

We list the packages and their prices:

- empty @-0,

- with one product: {buge} - p1, {shige} - pz, {alshi} - ps, {teyki} - pas,

- with two goods: {buge, shige} - p_1+p_2, {busge, alshy} - p1 + p3, {shige, alshy} - p2 +
p3, {buge, teyki } - p1 + p4, {shige, teyki } - p1+p4, {alshy, teyki} - pz+pz;

- with three goods: {buge, shige, alshy} -p1 + p2 + ps, {buge, shige, teyki} - p1 + p2 + p4,
{buge, alshy, toyki} - p1 + p2 + p4, {shige, alshy, teyki} - pz + p3 + pa,

- and, finally, with four products - the entire market {buge, shige, alshy, teyki } - p1 + p2 +
p3 + pa = 1=1(see Table 6).
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Table 6. All possible packages (events) of experiments of one-time asyk toss

Empty package Package of one a
Package of one t
Package of one b

Package of one sh

Package of a and t, Package of a and b
Package of a and sh, Package of t and b
Package of t and sh, Package of b and sh

Package of g, t, b
Package of g, ¢, sh
Package of g, b, sh

Package of t, b, sh

Package of g, t, b, sh

Probabilistic model of the experiment “one-time asyk toss”:

Sample space Q1 is a set composed of all elementary events. All possible elementary events
w1 = buge, w2 = shige, w3 = alshi, w4 = teyki form the space of elementary events Q={w1,wz ,w3,w4}.
Probabilities of elementary events: P({w1 })=p1,P({wz })=p2,P({ws })=p3,P({w4})=pa.
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2) All possible events (subsets of the space of elementary events):

Ar = B,A; = {w1}, A3 = {w2}, Ay = {w3}, As = {w,}, As = {wy; w2}, A7 = {wy; w3}, Ag
= {wy1; W4}, Ag = {wy; W3}, A = {W2; W4}, A1 = {w3; Wy}, Ay
={wy; W ; W3}, Az = {Wq; W33 Ws}, Ars = {W1; Wy ;5 Ws}, Ags
= {Wwy; w3; W4}, A1 = {W1; Wy ;5 W35 Wu} = ()

or A; = 0,4, = {w; = alshi}, A; = {w, = teyki}, A, = {w; = buge},
As = {w, = shige}, Ay = {w; = alshi, w, = teyki}, A, = {w,; = alshi, w; = buge},
Ag = {w, = alshi, w, = shige}, Ag = {w, = teyki, w; = buge},
Ao = {w, = teyki,w, = shige}, A;; = {w; = buge, w, = shige},
A, = {w, = alshi, w, = teyki, w; = buge},
A;3 = {w; = alshi,w, = teyki, w, = shige},
Ay, = {w; = alshi,w; = buge, w, = shige},
Ais = {w, = teyki, w; = buge, w, = shige},
A6 = 2 = {w, = alshi, w, = teyki, w; = buge, w, = shige}

3) Probabilities of events (numerical functions whose arguments are events):

P(A;) = 0,P(Az) = p1,P(A3) = p, P(Ay) = p3,P(As) = pa, P(Ag)
= p1 + P2, P(A7) = p1 + p3, P(Ag) = py + pa, P(A9)
= pz + p3, P(A10) = p2 + pa, P(A11) = p3 + ps, P(Ar2)
= p1 + p2 +p3,P(A13) = p; + p2 +pa, P(A1s)
= p1+ P2 + P4 P(Ais) = p2 +p3 +ps P(Ass) = P(2)
= p1+ p2 +P3+Ppg

By creating such models, students have the opportunity to understand each concept in
the probability space. Most students have questions such as how an event can be an empty set,
how it somehow lands on one side when tossing a coin, or how an event can contain all possible
outcomes and only land on one side, which indicates that the student does not understand the
definition, has not reached the level of “mathematical maturity”. Only when an event is perceived
as a subset of all possible elementary events, for example, in the experiment of tossing a coin once,
does he understand that by definition each of the sets A1=@,A2={w1},Az={w2}, As={w1;w2}=0Q is
an event, which is visually captured in the mind through the package.

It is known from set theory that the number of elements in a set is equal to the power of
2 in the system of sets consisting of all its possible subsets. It is a very tedious and unnecessary
task to write down all its possible events for each experiment. Therefore, after distinguishing
each concept from the others and understanding its meaning, it is enough to write down the set
of all possible elementary events and the event under study.
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General scheme of building a finite probability model - “Probability space”. Summarize the
results. With a proper understanding of the detailed and, if necessary, additional examples (for
example, to fully describe the auxiliary and probabilistic model of a double toss of a coin, tossing
adice, etc.), it is advisable to skip the “Auxiliary Model” and go directly to the “Probability Model”.

In the light of the given information, I will once again clarify the position in the Theory of
Probabilities. We consider the task to be an experiment, which consists in the fact that a test is
carried out, and in any limited quantity, the outcome of each of which is not known in advance,
but the whole set of possible outcomes is known, the occurrence or non-occurrence of which
must be observed. At the same time, the set of conditions under which the experiment is carried
out is stipulated in advance, and these conditions are either created artificially or carried out
independently of the will of the experimenter. The probability space (£,F,P) is a mathematical
modeling experiment

This is important for many reasons. One of them is the selection of basic information
from which all the rest can be obtained - a kind of reduction to the possible amount of necessary
information.

In our simplest initial scheme, as well as in the extensive Probability Theory, all possible
test results are known in principle, but it is not known which of them is realized in this test.

A probabilistic problem, with a given experiment, arises when the result of the test, obeying
the will of the case, is not known in advance, - by chance.

The general scheme of building a finite probability model for a given experiment with a
finite number of outcomes:

1) Write down all the possible results, elementary events of the implementation of
the experiment:={w,,..,w } - a set of elementary events. Elementary events are also called cases
in mathematical literature.

2) Each elementary event w, (i=1,...,n) is assigned a non-negative number p_i - its
probability:P({w_i})=p_i, but with the condition p +p +..+p =1.
3) Event A is called an arbitrary subset of sets, i.e. a set composed of elementary

events — elements of : from 0 elements, from 1 element, from 2 elements, ..., from n elements.
Thus, the event consists of elementary events.

An elementary event belonging to event 4 is also called a case favorable to event A.

An elementary event that does not belong to event A is also called a case that does not
favor event A.

4) Probability P(A) of event A is the sum of elementary events that make up its probability:
if A={wiy,.,wi, }(1 S k<n; 1<ii<iz<..<i, < n), then P(A)=pi; )+..+pi,.

And, as a result, the usual property of additivity, when the whole is assembled from its
components

5) If events A and B do not have common elementary events, then the probability of an
event composed of non-intersecting sets A and B is equal to the sum of the probabilities of A and
B.

Three components are distinguished in the presented probabilistic model: the space of
elementary events — sample space (} ; set A of all possible events A are subsets of sets () ; prob-
ability P: A—[0,1] is a numerical non-negative additive function of sets on 4, normalized by the
condition P(Q)=1.

This triple (2, A, P) is called a probability space.

Attracting students to science with the example of numerical confirmation of the statistical
definition of probability. On the statistical regularity of experiments.

After the probability triad is given, the practical meaning of probability is discussed to
answer the questions of what probability is and what it means. More precisely, an event is given,
its probability is determined. What does this knowledge give us? Let’s answer this question.
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Repeating the experiment with the students a certain number of times and monitoring
how many times a given event has occurred. Then the frequency as the ratio of the number of
occurrences of an event to the number of experiments conducted, is close to the probability of a
given event, and the closeness increases with the number of experiments, which is the content
of the law of large numbers of Jacob Bernoullj, created in 1713. Of course, the pupils are not
familiar with this, but a school teacher who has this knowledge explains it to the pupils at an
accessible level.

The practical significance of probability is given by experiments with tossing a symmet-
rical and homogeneous coin.

Any real coin is not absolutely symmetrical and uniform, and the production of a coin
close to ideal requires correspondingly greater efforts. Therefore, experiments with coins are
considered as a scientific result, which is also one of the topics for attracting pupils to science.

Thus, the probabilities of getting a coat of arms and a hash mark, due to the proximity of
the coin to ideal, are taken to be equal, i.e p=% for each of the sides. This is confirmed by the
results of experiments in various historical periods by researchers.

Table 5 presents the well-known results of experiments involving a single coin toss. The coin
is tossed sequentially. Event is recorded, in this case, “heads coming up”, and for each realization
the result “event occurred” and “event did not occur” are noted. Next, the ratio of the number of
results “event occurred” to the number of all realizations is taken - in this case, the proportion
of heads coming up” and compared with the expected number of 0.5 - the probability of event.

Table 7. Results of experiments on single coin tossing

Experimenter Number of experi- | Frequency of head
ments (throws) appearance
Buffon (1707-1788) - French naturalist, 4040 0,507

biologist, mathematician, natural scientist

De Morgan (1806-1871) - Scottish mathe- | 4090 0,505
matician, logician

Feller W. (1906-1970) - American mathe- | 10000 0,4979
matician

Jevons (1835-1882) - English economist, 20480 0,5068
philosopher

Pearson K. (1857-1936) - English mathe- | 24000 0,5005
matician, statistician

Romanovsky V.I. (1879-1954) - Soviet 80640 0,4933
mathematician

Apparently, all these experiments should be attributed to the amazing phenomena of the
Universe, when different people, at different times, tossing different coins, united by the same
property of symmetry and homogeneity of the coin’s manufacture, get the same result - an ap-
proximate equality of the appearance of the Coat of Arms and the Lattice. And this frequency
property lies at the basis of the very existence of the Probability Theory.

Thus, nothing can be said about the outcome of each individual experiment - there is no
deterministic regularity (this is the problem of probability theory), but it is possible to indicate
the share of an event in a large number of experiments - the presence of static regularity.
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The implementation of various experiments visually helps in consolidating the probabil-
istic model in the subconscious and also contributes to the involvement of students in science.

Modeling of random numbers and their application in substantiating the practical signif-
icance of probability. Let’s conduct a simulation of an experiment with randomly tossing a dice.
A teacher can conduct such experiments using ready-made software packages (such as Excel,
Mathematica, GeoGebra) in class or by consulting with scientific researchers. One of the methods
for implementing the experiment is the use of random numbers. Here you can use applications
with built-in random number generators or independently generate them based on the results
of scientific research (which, of course, is beyond the scope of the school curriculum, but can be
used as additional material for optional classes or to involve 3rauigbl in scientific research). The
use of ready-made software packages for generating random numbers is generally available, in
connection with which we will provide an implementation of the experiment below, based on
scientific research.

The Lehmer linear congruent sequence was created in 1948 from the equation of the line
y=ax+c in the form of a permutation of the sequence according to the recurrent formula

Xp41 = aX, + c(modN)(n = 0). (1)

By N. Temirgaliev (Temirgaliev, 2018) is proved that if the equality (a-1)?=N is fulfilled,
then the sequence (1) will be random. Let us choose N=961 (about 1000 tosses) and a=32 (c=1,
x0=0) from which we will construct the sequence (1) - {xn}36211

0,1,33,96,190, 315, 471, 658,876, 164, 444, 755, 136, 509, 913, 387,853, 389,917, 515,
144,765, 456,178,892, 676,491, .., 484,113, 734, 425, 147, 861, 645, 460, 306, 183, 91, 30.

This sequence includes all numbers from 0 to 960. To simulate the experiment with
throwing a dice, we will write out the remainders when dividing by 6. Next, we will randomly

select a part of the sequence, let it be x,x,,...,x_, members of the sequence modulo 6:

1,5,4451310502,42000,14,15,55,0,2,5,3,2,2,3,5,2,0,5,5,0, 2, 4,
2,10,1,2,53,1,0,1,2,52,0,0,0,1,3,0,4,3,3,4,0,3,1,0,0,1,2,5,3,2,1,2,3,0,4,2,1, 2,
3,0,3,1,0,1,2,4,1,5,4,4,5,1,4,2,1,1,2,3,0,4,3,2,3,4,1,4,3,2,3,4,1,4,2,1,2,3,5, 2,0,
55025,322,3,41,543,45,2,5,43,45,2,5,3,2,3,40,3,1,0,0,1,3,0,4,3,3,4, 5,
2,0,545,0305,45,0,3,0,4,3,4,51,4,2,1,1,2,4,1,5,4,4,5,0,3,1,5,5,0,1,4,1,0, 5,
0,131545,025,3,2,2,3,5,2,05,50,1,4,2,00,1,2,5,2,1,0,1,2,4,2,0,5,0,1, 3,0,
4,3,3,403,1,00,1,2,5,3,1,1,2,3,0,3,2,1,2,3,5,3,1,0,1,2,4,1,5,4,4,5,1,4,2,1,1, 1,
3,0,4,2,2,3,4,1,4,3,2,3,40,4,2,1,1,3,5,2,0,5,5,0,2,5,3,2,2,2,4,1,5,3,3,4,5, 2,5, 4,
3,4,515,3,2,2,403,1,0,0,1,3,0,4,3,3,3,5,2,0,4,4,5,0,3,0,5,4,50,2,0,4,3,3,5,1,
4,2,1,1,2,4,1,5,4,4,4,0,3,1,5,5,0,1,4,1,0,5,0,1,3,1,5,4,4,0,2,5,3,2,2,3,5,2,0,5, 5,
5142001,25,2101,2,420,5,513,0,4,3,3,403,1,000,2,5,3,1,1,1, 3,0, 3,
2,1,1,353,10,0,2,41,5,445,1,4,2,1,0,1,3,0,4,2,2,2,4,1,4,3,2,2,4,0,4,2,1, 1, 2,
52055025,3,21,2,41,43,3,3,5, 2, 543,3,51,43,2,2,3,03,1,0,0,1,3,0,4, 3,
2,352,54440305,4,4,0,2,54,3,3,4,1,4,2,1,1,2,4, 1,5,4,3,4,0,3,0,5,5,5,1, 3,
1,555,1,30,5,4,4,5,2,5,3,2,2,3,5,2

Of course, you can choose in any other combination, not necessarily in ordinal sequence,
and in any quantity.

Replacing 0 with 6, we write out the frequencies of the sides 1, 2, 3, 4, 5, 6 of the dice
(Table 8).
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Table 8. The frequencies of the sides 1, 2, 3, 4, 5, 6 of the dice
Side of a dice 1 2 3 4 5 6

Number of drops 99 100 98 97 100 96

Next, we write out the relative frequencies - the ratio of the number of sides falling out to
the total number of tosses (Table 9).

Table 9. The relative frequencies - the ratio of the number of sides falling out to the
total number of tosses

1 2 3 4 5 6

9 01678 129 L 01695 | 28 < 01661 | 2L ~ 01644 | -0 < 01695 9 0,1627
590 590 590 590 590 590

From the table we see that the values of relative frequencies are close to the probabilities.

Now we will conduct a sequence of series of experiments and in each of them we will
determine the frequency of occurrence of 5 (it was possible to take any number from 1 to 6).
Let’s take 9 series

100 200 900
Xnt=1> Xndn=101 - Xndp=g01>

consisting of 100 numbers obtained from the first 900 numbers of the sequence . Let’s
determine the frequencies ( is the number of occurrences of 5 in the -th series)

n, ny Ng
100°100° "' 100

Table 10. The frequencies is the number of occurrences of 5 in the -th series

ny n, ns; ny s ng ny ng Ng

18 15 17 17 17 12 21 17 18
18—018 15—015 17—017 17—017 17—017 12—012 21—021 1—017 £—018
100 - |100 7100 7100 7100 77100 (100 100~ 100~

Comparing the relative frequencies of 5 with the probability % ~ 0,1667, of , we see that the
relative frequencies are grouped around this value. These results confirm the practical signifi-
cance of probability. Figure 2 shows the graphical representations of the probability and relative
frequencies of 5, where the orange line shows the probability value, and the blue line shows the
relative frequency values.
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Figure 2. Probability and relative frequencies of getting 5 when throwing a dice

Now let's conduct a series of experiments with an increasing number of trials in them:
the first series will include the first 50 trials of the sequence {x,}3%} , the second - the first 100
(including the previous 50), the third - the first 150, etc. up to 950. The table below shows
n_ ratios of the frequency of occurrence of 5 in the i-th series to the n total number of trials in the
series and the deviation of the relative frequencies from the probability value.

Table 11. ratios of the frequency of occurrence of 5 in the -th series to the total
number of trials in the series and the deviation of the relative frequencies from the prob-
ability value

n 50 100 150 200 250 300 350 400 450

n, 9 18 21 33 44 50 57 67 78

ny 0,18 0,18 0,14 0,165 0,176 0,16666 |0,16285 |0,1675 0,17333

n
|1’-é 0,01333 | 0,01333 |0,02666 |0,00166 |0,00933 |0 0,00381 | 0,00083 |0,00666

n 500 550 600 650 700 750 800 850 900 950

n, 84 91 96 110 117 124 134 144 152 158

n_l

n 0,168 | 0,16545 0,16 0,16923 | 0,16714 | 0,16533 | 0,1675 | 0,16941 | 0,16888 | 0,16631
Pt

’ 0,00133 | 0,00121 | 0,00666 | 0,00256 | 0,00047 | 0,00133 | 0,00083 | 0,00274 | 0,00222 | 0,00035

In Fig. 3, the number of tests in the series is shown on the abscissa axis, and the corre-
sponding relative frequencies of the 5 falling in these series are shown on the ordinate axis.
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Figure 3. Probability and relative frequencies of getting 5 when throwing a dice

The results confirm the law of large numbers that relative frequencies cluster around
probabilities as the number of trials increases from series to series.

Conclusion

The main task of both the teacher and the school is to bring each concept in each field of
mathematics to the level of basic knowledge and to bring the student to the level of “Mathematical
maturity”. To implement the same process for the elements of probability theory and mathemat-
ical statistics, it is a deep problem that does not lose its relevance, providing correct theoretical
definitions and effective authors’ methods. The article presents one way to solve this problem,
namely, to distinguish the main concepts in random experience, to show the general scheme of
creating a probability model and an auxiliary model, as well as ways to introduce them to science.
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FE. Tayrein6aeBa’, A.K. XKy6anbimesa*?
L2J1.H. T'ymunes amuindarsl Eypasus yammolk yHusepcumemi, Acmata, Kazakcman

bIKTUMa/IABIKTAp TEOPUSACHI )KOHE MaTEMAaTUKAJIbIK, CTATUCTUKA GOMBIHIIA aJIFAIIKbI
YFBIMAApPABI OKBITY d/icTemMeci

Angarna. Maka/siaZja bIKTUMaJJbIKTap TEOPUSACHI MEH MaTeMaTUKaAJ/IbIK, CTATUCTUKAHBIH,
aJIFalliKbl YFBIM/IapbIH OKBITY MaceJleCi KapacThIpblIFaH. ATall alTKaH/ia, TXKipube, TaKipubeHi
»Ky3ere acblpy, TOXKipube HOTHXKECI — 3JIeMeHTap OKUFa, OKUFA, bIKTUMaJ/bIK KEHICTIri CUSKTbI
yFbIM/JIap TaMKblIaHaAbl. MakKaJiaZia ToKipubeHiH bIKTUMaJ/bIK KEHICTIiriH 6epy aaicTeMeci
petinae HTemipranueBTiH aBTOpJbIK Kemekiii «MapkeT» Moaei 6epinreH. CrangapTThl «TUbIH
JIAKTBIPY» )KoHe YJITThIK TOpOMeMeH 6allJIaHbICThIPbIIFAH «ACBIK JIAKTbIPY» TaxKipubesepi
MBbICAJIBIH/IA KOMEKIII )XoHe bIKTUMaJIAbIK KeHICTiIKTepi KypacThIpbliraH. COHbIMEH KaTap,
MakKaJsiajia 3JieMeHTap OKUFasiap KeHICTiri akbIpJibl >KUbIH 60JIFAH KaFan1a bIKTUMaJIAbIK
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KEeHICTIriH Kypy/AbIH *KaJllbl CXeMacbIH Oepy a/jicTeMeci MeH bIKTUMa/AbIKTbIH, TPAaKTUKAJIbIK,
MaHBbI3bIH K6pceTy 9jjicTeMeci TasiKblJlaHFaH. COHbIMEH KaTap, MaKajlaZia Ke3/1eMCcoK caHzap
Ti36€eri KypacTbIpblJIblI, OHbIH HeTi3iH/e CHMMeTpHUAJIbI )koHe GipTeKTi OMbIH CYHeTiH JaKThIpy
TOXipUOeCiHiH Mozesi KypbLIbII, Ke3/[eMCOK TaHJaMa MeH 3KCIIepPUMEHTTEeP CEPUSICHI YIIIiH OMbIH
CyMeTiHiH OeKiTi/IreH >KaFbIHbIH, TYCY XKUIJIIri cunaTTaarad. Exi xkargaia ja Toxipubesiep caHbl
apTKAH CalblH *KUIJIIKTEP OKAFA bIKTUMaJbLIbIFbIHbIH MaHAWbIHA LOFbIPJIaHATBIH/ABIFbI 2KaWUJIbI
Y/iKeH caHJap 3aHbIH pacTay HerisiHze 6iJ1iM a/ylibl YIIiH aJFallKbl FbIJIBIMU KaZaM/IapblH
»KacaTy »KoJibl bepineni.

Ty#iH ce3aep: oKbITy 9/jicTeMeci, bIKTUMAJIIbIKTAp TEOPUSICHI 2KOHE MAaTEMATUKAJIBIK,
CTAaTUCTHUKA, bIKTUMaJbIK MO e, KeMeKIli « MapkeT» MoZeJli, bIKTUMaJI[bIKThIH IIPAKTUKAJIbIK
MaFrbIHACHI.

I.E. Tayreia6aesa’, A. K. XKy6anbimesa*?
L2Egpaszuiickull HAYUOHAALHYGIL yHUgepcumem umenu JLH. Tymuaesa,
Acmana, Kazaxcman

MeToauKa npenojaBaHUs HA4a/IbHbIX IOHSATUIN TEOPHU BEPOSITHOCTEN
YU MaTeMaTH4YeCKOH CTaTUCTUKU

AG6cTpaKT. B cTaThe paccMaTpuBaeTCsl BONPOC Npeno/jaBaHus Haya/lbHbIX MOHATUN
TEOpPUHU BEPOATHOCTEN U MaTeMaTUYeCKON CTaTUCTUKU. UMeHHO 06Cy>K/1al0TCs TaKKe NOHATHS,
KaK 9KCIIepUMEHT M ero peajnsalnus, UCX0/ 3KCIIepUMeHTa — 3JleMeHTapHoe COObITHE, COOBITHE,
BEPOATHOCTHOE NNPOCTPAHCTBO. [IpuBoauTCA npeasioxkenHada H.TemupraiueBblM aBTOpCKas
BCIIOMOTaTesbHad Mofesb «MapkeT» /11 U3y4yeHHUs BepOATHOCTHOTO IIPOCTPAHCTBA 3KCIIEPUMEHTA.
BcioMoraresibHble U BepOAATHOCTHbIE IPOCTPAHCTBA IOCTPOEHBI Ha IpUMepe CTaHAAPTHOIO
onbiTa «I[log6packiBaHMe MOHEThI» M HalJMOHAJIbHOU UTphl «bpocaHue aceika». BMecTe ¢ TeM
B CTaTbe NPUBOJUTCA 0611asl cCXeMa NOCTPOEeHHsI BepPOITHOCTHOTO NPOCTPAHCTBA B C/Iy4yae
KOHEYHOT'0 MHOXKEeCTBa 3JIeMeHTapHbIX COOBITUH. [lasiee 06CyxAaeTca NpaKTUYECKOe 3HaYeHHe
BepOATHOCTHU. CTPOUTCA NOC/IeA0BaTEBbHOCTD CIYYaiHbIX YA CEJI M Ha ee OCHOBAaHUU MOJeJIMPyeTCs
IKCIIEpUMEHT C NoA0pacbiIBAaHUEM CHMMEeTPUYHON U OJHOPOAHOM UrpasibHOM KocTu. HaxoaaTcsa
4acToTa BbINaJeHUs CTOPOHBI UT'PAJIbHOM KOCTH JJISl C/Iy4YalHOM BbIOOPKHU U JI1 CEpUM
9KCIIepUMEHTOB. B 060UX c/ydasx noATBepkKAaeTcs 3aKOH O0JIbIINX YMCEJ O CKOIIJIEHUU 4acTOT
C POCTOM KOJIM4eCTBa 3KCIEPUMEHTOB BOKPYT BepPOSITHOCTH coObITHA. KpoMe Toro, B cTaTbe
paccMaTpuBaeTCs MeTOAMKa NIpe/CTaBJIeHus 001 el CXeMbl IOCTPOEHUS BEPOSATHOCTHOTO
IPOCTPAHCTBA B C/1y4yae, KOI/ia MIPOCTPAHCTBO 3JIeMEHTAPHBIX COOBITUH ABJISIETCS KOHEYHbIM
MHO>XeCTBOM, a TaK»Xe MeTOJHKa JeMOHCTPALMH IPAaKTUYEeCKON 3HAaUMMOCTH BEPOATHOCTH.
Tax>ke B cTaTbe cOCTaBJ/IeHa [10C/1eJ0BATE/IbHOCTDb CJIY4YalHbIX YU CeJl, HA OCHOBE KOTOPOHU
IOCTPOeHa Mo/ieJIb SKCIIEpUMEHTa 10 OPOCaHUI0 CUMMETPUYHOW U OJHOPOJAHOM UTpaJIbHOU
KOCTH Y OIlMCaHa 4acTOTa BblNaZeHUs GUKCUPOBAHHOM I'PaHU KyOMKa J1J19 C1y4aliHOW BBIGOPKU
Y CepUU 3KCIIEPUMEHTOB. B 060uX ciy4yasax 00y4arolieMycs NpefoCcTaB/IsseTcs BO3MOXXHOCTD
cZieJ1aThb MlepBble HAay4YHbIe 11ary, OCHOBbIBAsACh HA NOATBEPXKJEHMUU 3aKOHA O0JIbIIUX YUCeJl O
CTPeMJIEHUH YaCTOThl COOBITHSA K er0 BepOSITHOCTH C yBeJMYeHUEeM KOJIM4eCTBa IKCIIEPUMEHTOB.

KiroyeBsnle c/10Ba: MeTOMKa [IpenoaBaHus, TeOpHUs BepOATHOCTEN U MaTeMaTHYecKas
CTaTUCTUKA, BEpOATHOCTHAA MOJieJb, BClIOMOraTeJabHad MoJesb «MapKeT», IpaKTHYeCKoe
3Ha4YeHHe BePOATHOCTH.
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